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Renewable Energy Department 

Lecture of Differential equations 

Assistant professor: Dr. Thamer  Khalil Al-Khafiji 

  

Mathematics – ( ΙΙΙ ) 

 

First- order and first degree  D.E, initial value problem, variable 

separable, homogeneous and non homogeneous D.E, Exact  

equation, linear equation, integrating factor, Bernoulli equation, 

orthogonal trajectories, application physics Reduction the order 

of the second order differential equation to first order equation, 

n – order differential equation, linear non homogeneous D.E of 

order n, Wronskian determinant, An existence and unique 

theorem, second order linear homogeneous D.E with constant  

coefficients, Laplace transforms, inverse Laplace transforms, 

solution of initial value problem by Laplace transforms, 

definitions of partial and  Fourier series. 
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Differential equation: 

A differential equation (D.E) is an equation involving a function 

and its derivatives. 

Example: 

  
  

  
            

                                            

Ordinary differential equation: 

A differential equation (D.E) is called ordinary differential 

equation if not contain partial derivatives. 

Example: 

  
  

  
                                           

 

   
  

  
  

  

  
                                           

                                                              

 

Order of ordinary differential equation: 

The order of ordinary differential equation is the highest order 

derivative occurring. 

Example: 
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Degree of ordinary differential equation: 

The degree of ordinary differential equation is the highest power 

or power for highest  derivative occurring. 

Example: 

  (
   

   
)

 

           

                                                   

  (
   

   
)

 

                 

                                                  

 

Solution of differential equation of order n: 

The Solution of differential equation of order n consists of a 

function defined and n times differentiable on a domain D 

having the property that the functional equation obtained by 

substituting the function and its n derivatives into the 

differential equation holds for every point in D. 

Example: 

If the function        is a solution of  
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Solution. 

       

        

          

        

             

       is a solution of           

Exercise: 

1-If the function        is a solution of  

                    

2- If the function         is a solution of  

                

 

First- order differential equation: 

1-Variable separable differential equation 

2-Homogeneous differential equation 

3- Non homogeneous differential equation 

4-Exact differential equation 

5-Integrating factor differential equation 

6-linear equation differential equation 

7-Bernoulli differential equation 
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1-Variable separable differential equation: 

A first order has the form  (      )     

Such that 

 (      )    

    (   ) 

  

  
  ( )  ( ) ,  ( )-  ,  ( )- 

  

 ( )
  ( )       ( )    

∫
  

 ( )
 ∫  ( )   

Example: 

Find the general solution for differential equation. 

        

Solution: 

        

  

  
                  ,   - 

  

  
             

                    ,    - 
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∫      ∫        

                ,   -       ,              - 

            (    ) 

        (    ) 
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Initial value problem: 

The initial value problem is a condition with differential 

equation to get the value of C  

Example: 

Find the general solution for differential equation. 

               (  )          ( )    

Solution: 

By the above example the solution is  

         

the initial value problem for         
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Example: 

Find the general solution for differential equation. 

                             ( )      

Solution: 

                  

                        

         
  

  
   

  

  
           

∫
  

  
 ∫        ∫    

∫       ∫        ∫    

     

    
 

      

   
      

   

  
          

   

  

 
                         .

  

 
 

 

  
/   ( )         
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Example: 

Find the general solution for differential equation. 

           

Solution: 

           

          

∫     ∫       

   (      )     

              

Exercise:  

  (    )        

  (     )   (     )     

               

                                 ( )    

        
    

 
     

Homogeneous differential equation: 

A function  (   ) is called homogeneous differential equation 

of degree n if 
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  (     )     (   ) 

Method -1- 

   
   

 
 

 (     )  
     

  
 

 (   )

  
 

   

 
  (   ) 

Method of solution-2- 

       
 

 
 

      
  

  
 

Example: 

Find the general solution for differential equation. 

   
   

 
 

Solution: 

   
   

 
 

 (     )  
     

  
 

 (   )

  
 

   

 
  (   ) 
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          (   ) 

 
  

  
          

  

  
 

 

 
        

   
  

 
 

∫    ∫
  

 
 

    | |    

 

 
   | |    

     | |     

Example: 

Find the general solution for differential equation. 

   
 

  √  
 

Solution: 
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  √  
 

 (     )  
  

   √     
 

  

   √     
 

  

      

 
  

 (    )
 

 

    
 

 

  √  
  (   ) 

 

   
 

  √  
 

   
  

  
 

 

  √  
 

   
  

  
 

 
 

 
 

 √
   
  

 

   
  

  
 

 
 

  √
 
 

 

   
  

  
 

 

  √ 
 

 
  

  
 

 

  √ 
   

 
  

  
 

     √ 

  √ 
 

 
  

  
 

  √ 

  √ 
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  √ 

  √ 
    

 

  
 

  √ 

  √ 
    

 

  
 

 

  
 

  

  √ 

  √ 

 
  

 
 

       
  √ 

    √ 
 

  

 
 

       
  √ 

    
 
 

 
  

 
 

    
  √ 

   
 
 

 
  

 
 

∫     
  √ 

   
 
 

 ∫
  

 
 

 

 ∫
 

  
 
 

   ∫
√ 

  
 
 

   ∫
  

 
 

 ∫
 

  
 
 

   ∫  
 
    

  
    ∫

  

 
 

 

 ∫  
  
        ∫       ∫
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 ∫
 

 
     | |    

 

√ 
    | |    | |    

 

√
 
 

    |
 

 
|        

 

Example: 

Find the general solution for differential equation. 

.    
 

 
     

 

 
/        

 

 
     

Solution: 

.    
 

 
     

 

 
/        
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∫
   

 
 ∫

       

    
 

   | |       |    | 

   | |       |   
 

 
| 

  | |        |   
 

 
|      

  (  | |    )       |   
 

 
| 

| |        |   
 

 
| 
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Exercise: 

Find the general solution for differential equation. 

 

     
 

√  
 

     
  

  
       



15 
 

   (     )          

     
      

   
 

     
   

   
 

  (           )    (       )     

  .  
 
   /          

3- Non Homogeneous differential equation: 

Example: 

Find the general solution for differential equation. 

 

   
     

     
 

Solution: 

   
     

     
 

 (     )  
       

       
  (   ) 

Non Homogeneous 

   
     

     
 

            ( ) 

           ( ) 
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Let                                           

Then  

                     

                      

                            

   
     

     
 

  

  
 

    (   )   
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∫
   

       
    ∫

  

 
 

 

 
∫  

   

       
    ∫

  

 
 

 

 

 
  |       |     | |    

 

 
  |(

   

   
)

 

  
   

   
  |     |   |    

 

Example: 

Find the general solution for differential equation. 

   
      

     
 

Solution: 

   
      

     
 

 (     )  
        

       
  (   ) 

Non Homogeneous 

   
      

     
 

              ( ) 

              ( ) 
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              ( ) 

              ( ) 

 

                                       

Let                                            

Then  

                     

                      

                            

   
      

     
 

  

  
 

 (   )  (   )   

(   )  (   )   
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∫
   

       
   ∫

  

 
 

 

  
∫   

   

       
   ∫

  

 
 

 

  
  |       |    | |    

 

  
  |   

   

     
 (

   

     
)

 

|    |     |    

Example: 

Find the general solution for differential equation. 
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Solution: 

   
        

       
 

 (     )  
          

         
  (   ) 

Non Homogeneous 

   
        

       
 

 

             ( ) 

             ( ) 

This is two parallel line  

        

  

  
    

  

  
    

  

  
 

    

   
 

  

  
    (

    

   
) 
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 (   )

   
 

∫
   

   
    ∫    

∫
(     )   

   
    ∫    

∫
   

   
   ∫

 

   
    ∫    

∫     ∫
 

   
    ∫    

     |   |       

         |       |       

Example: 

Find the general solution for differential equation. 

 

   
       

      
 

Solution: 

   
       

      
 

 (     )  
         

        
  (   ) 

Non Homogeneous 

   
       

      
 



22 
 

              ( ) 

            ( )        

 

              ( ) 

             ( )     

 

 

           
 

 
                      

Let                                           

Then  

    
 

 
                

    
 

 
                 

                            

   
       

      
 

  

  
 

 .  
 
 
/   (   )   

 .  
 
 
/  (   )   
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∫
   

    
   ∫

  

 
 

∫
 

    
   

 

 
∫

  

    
   ∫

  

 
 

 

∫
 

    
   

 

 
  |    |    | |    

                            
  

 
     

                      2          



24 
 

 

 

∫
 

    
 ∫  ( )  

 ( )

 ( )
 

Exercise: 

Find the general solution for differential equation. 

     
      

       
 

     
        

       
 

  (             )             

 

4-Exact  differential equation: 

M(x,y) dx+N(x,y) dy=0 

       

       

      

Method of solution 

Case one: The method of  M 

   (   )  ∫  (   )   

 (   )      ( ) 
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 (   )  
 

  
     ( ) 

 ( )  ∫(    
 

  
  )   

Case one: The method of N 

   (   )  ∫  (   )   

 (   )      ( ) 

 

 (   )  
 

  
     ( ) 

 ( )  ∫(    
 

  
  )   

 

Example: 

Find the general solution for differential equation. 

(     )   (       )      

Solution: 

(     )   (       )      

M(x,y) dx+ N(x,y) dy = 0 

 (   )              

  (   )               

                 

Now: By The method of  M 
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   (   )  ∫  (   )    

 (   )  ∫(     )    

 (   )          ( )            

   (   )  
 

  
     ( ) 

             ( ) 

       ( ) 

  ∫        ∫   ( )   

        ( ) 

   (   )          ( )      

 (   )                       

 

 

 

Example: 

Find the general solution for differential equation. 

(          )   (               )     

Solution: 

(          )   (               )     

M(x,y)dx+N(x,y)dy=0 
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 (   )                           

 (   )                               

      

Now: By The method of  M  

   (   )  ∫  (   )   

 (   )  ∫(          )   

 (   )               ( )         

   (   )  
 

  
     ( ) 

                             ( ) 

        ( ) 

  ∫         ∫   ( )   

        ( ) 

 (   )               ( )      

 (   )                        

Exercise: 

Find the general solution for differential equation. 

                  

         
 

 
     

           (    )         
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  (          )   (           )     

4-Not Exact differential equation: 

M(x,y)dx + N(x,y) dy= 0 

      ,                      

        

      

Method of solution 

 (   )    ( (   )    (   )  )=0 is Exact 
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The method of finding an integration factor 

Case one: 

      
     

 
  ( )          (   )   ∫  ( )   

Example: 

(       )          

Solution: 

M(x,y) dx + N(x,y) dy=0 
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Now:  

      
     

 
  ( )          (   )   ∫  ( )   

     

 
 

    

  
 

 

  
 

 

 
  ( ) 

 (   )   ∫  ( )    ∫
 
 

          

 (   )    ,(       )         - 

 

(         )                       

       

       

      

Then is solution by method of Exact differential equation 

(         )           

      

Now: By The method of  M  

   (   )  ∫  (   )   

 (   )  ∫(         )   

 (   )  
  

 
 

    

 
 

  

 
  ( )         



31 
 

   (   )  
 

  
     ( ) 

    
    

 
   ( ) 

          ( ) 

 

    ( ) 

  ∫     ∫   ( )   

   ( ) 

 (   )  
  

 
 

    

 
 

  

 
  ( )         

 (   )  
  

 
 

    

 
 

  

 
          

Case two: 

     
     

 
  ( )    (   )    ∫  ( )   

            

Example: 

            

Solution: 

M(x,y)dx+N(x,y)dy=0 

      

     



31 
 

      

Now 

     
     

 
  ( )    (   )    ∫  ( )   

 

        
     

 
 

 

   
 

 
  ( ) 

 (   )    ∫  ( )    
 ∫

 
   

             
 

 

 
 

 (   )  
 

 
    (           ) 

          

 

          

     

     

      

Then is solution by method of Exact differential equation 

 

Case three: 

    (   )             (   )   (   )  
 

     
 

Example: 
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Solution: 

  

  
 

     

 
 

 

(     )         

    (   )             (   ) 

M(x,y)dx+N(x,y)dy=0 

         

      

      

Now: 

    (   )             (   )   (   )  
 

     
 

 (   )  
 

     
 

 

 (     )   (  )
 

 

    
 

Now: 

 

    
.(     )      /                 

 

(
 

 
 

 

   
)    

 

   
     

Then is solution by method of Exact differential equation 
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Exercise: 

Find the general solution for differential equation. 

   (      )    (   )     

  (       )   (    )     

  (       )   (      )     

  (  )          

 

6-linear differential equation: 

    ( )   ( ) 

The method 

 

    ( )   ( ) 

 [    ( ) ]  
 

  
    

      ( )       
  

  
        

  ( )  
  

  
 

∫
  

 
 ∫  ( )   

  | |  ∫  ( )   
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   ∫  ( )   

Example: 

Find the general solution for differential equation. 

           

Solution: 

           

    ( )   ( )            

   ∫  ( )   

   ∫         

   (          ) 

               

 

  
(     )     

∫
 

  
(    )   ∫      

          

  
    

   
 

Example: 

Find the general solution for differential equation. 

         

Solution: 
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    ( )   ( ) 

   ∫  ( )   

   ∫           

    (        ) 

                     

 

  
(     )         

∫
 

  
(     )   ∫           

      
  

 
     

  

  
     

 

   
       

 

Derivative +- Integral 

   +      

2x -   

 
     

2 +  

   
     

0 -   

    
     

 

Example: 

Find the general solution for differential equation. 

           

Solution: 
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    ( )   ( ) 

   ∫  ( )   

    ∫
 
 

              
    

           

 

 

  
(   )    

∫
 

  
(   )   ∫     
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Exercise: 

Find the general solution for differential equation. 

                

              

                   

            

7-Bernoulli equation: 
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    ( )   ( )                 

Example: 

Find the general solution for differential equation. 

          

Solution: 

                 

                    

      ( )        
 

 
 

          

          

By  

                    

        

                       

   ∫  ( )   

   ∫       

  (       ) 

              

 

  
(   )       

∫
 

  
(   )    ∫       
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Derivative +- Integral 

  +    

1 -    

0 +    

Example: 

Find the general solution for differential equation. 

   
 

 
         

Solution: 

   
 

 
                 

      
   

 
            

               √
 

 
 

                 (  ) 

  

  
       

By  
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   ∫  ( )   

   ∫
 
 

              
    

  (   
  

 
     ) 

              

 

  
(   )       

∫
 

  
(   )   ∫        

    
   

 
   

  
   

 
 

 

  
 

  √
 

   

 
 

 
  

 √
  

  
 

  

 
 

Example: 

Find the general solution for differential equation. 

             

Solution. 
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           √  

           
  

 
     

    
  

  
             

  

 
 

 

  
           ( ) 

   
 

 
          

   ∫  ( )   

    ∫
 
                

 
 

 
 

 

 
.   

 

 
      / 

  

 
 

 

  
     

 

  
.
 

 
/      

∫
 

  
.
 

 
/    ∫        
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  √
     

 
 

Exercise: 

Find the general solution for differential equation. 

        
 

 
 

               

                    

Orthogonal trajectories: 

In mathematics an orthogonal trajectory is a curve which 

intersects any curve of a given pencil of planar curves 

orthogonally 

Example: 

If the slope of curve is 6xy find the equation of the curve if 

the curve throw the point (2,1). 

Solution. 

  

  
     

∫
  

 
 ∫      

    
   

 
   

          

     ( )              
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Example: 

Find the orthogonal trajectories of the family of the  curve 

       

Solution: 

           

  
 

  
 

       

    
 

  
  

    
 

 
 

             
  

  
 

  

  
 

  

  
 

∫       ∫     
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Example: 

Find the orthogonal trajectories of the family of the  circle 

and the center is  point of origin. 

Solution: 

By the circle point of origin the equation is 

        

          

        

   
  

 
 

             
 

 
 

  

  
 

 

 
 

∫
  

 
 ∫

  

 
 

  | |    | |    

      

     

Is the equation of line  
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Exercise: 

1- Find the orthogonal trajectories of the family of the  circle  

throw the point of origin and the center in X-axsis. 

(   )        

 

 

 

 

2- Find the orthogonal trajectories of the family of the parabola 

throw the point of origin in X-axis. 

       

3- Find the orthogonal trajectories of the family of the  curve  

       

4- Find the orthogonal trajectories of the family of the  curve 

       

5- Find the orthogonal trajectories of the family of the  circle  

throw the point of origin and the center in y-axsis. 

   (   )     
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Application physics  

Example: 

Electrical Circuit consisting of resistance R  and generator 

(coil) self generated factor (L) have been connected with 

battery  her voltage (E) find the current (I) for this circuit if 

i=0 and t=0. 

Solution. 

 
  

  
      

  

  
 

 

 
  

 

 
         

 ( )  
 

 
         ( )  

 

 
 

     ∫
 
     

 
   

  

  
 

 
   

 

 
  

 
   

 

 
 

 
   

∫
  

  
 (  

 
  )  ∫

 

 
  

 
     

  
 
   

 

 
∫   

 
     

  
 
   

 

 
  

 
     

  

 
 

 
 
     

 
 
 

 
                  

  

 
 

  
 

 
(    

 
  ) 
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Reduction the order of the second order differential 

equation to first order ordinary differential equation 

 

If there exist second order ordinary differential equation there 

are two cases.  

Case one y is deleted: 

Let             
  

  
    

Example: 

Reduction the order of the second order ordinary 

differential equation. 

           

Solution. 

            

Since  y is deleted 

 Let             
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         its linear  

     ∫       

  (       ) 

              

∫(   )   ∫       

Derivative +- Integral 

  +    

1 -    

0 +    

 

             

  
        

  
      

 

  
 

        
 

  
 

∫    ∫ (     
 

  
)      

  
  

 
          

 Case two  x  is deleted: 

Let              
  

  
 

Example: 

Reduction the order of the second order ordinary 

differential equation. 
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         (  )  

Solution. 

         (  )  

Since  x  is deleted 

Let              
  

  
 

  
  

  
     ( )  

  
  

  
  ( )     

  

  
 

  

 
 

 

 
     

Suppose   
 

 
      

  

  
  

  

  
                    

 
  

  
      

 

 
   

 
  

  
  

    

 
        

∫
  

 
  ∫

 

    
           

    
 

 
  |    |    

    
 

 
  |( )   |    
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  |( )   |    

      (( )   )
 
    

  (( )   )
 
          

   ((( )   )
 
   )

 

 

   (( )   )
 
   ( ( )   )

 
     

       ( ( )   )
 
       

Example: 

Reduction the order of the second order ordinary 

differential equation. 

(   )       (   )    

Solution. 

(   )       (   )     

Since  y is deleted 

 Let             
  

  
    

(   )     (   )     

(   )     (   )   

   
 

   
  (   )  

     ∫
 

         |   |      
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(   ) (   
 

   
  (   ) ) 

(   )     (   )  

∫((   ) )  ∫(   )      

(   )  
(   ) 

 
   

  
(   ) 

 
 

 

   
 

   
(   ) 

 
 

 

   
          

Exercise: 

Reduction the order of the second order differential 

equation. 

            

             

      
 

 
            ( )        ( )  

 

 
 

      
  

 
             ( )        ( )     
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n – order differential equation: 

                    

                                          

                    

                                         

                     

                                         

Example: 

                is a solution of          

Solution. 

        

         

           

By           

                      

        

          

           

By           
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By            

                               

Yes:                   is a solution of         
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Exercise: 

 )               is a solution of 

         

2)                   is a solution of 

             

 

Wronskian determinant 

Let   ( )   ( )      ( ) be a function that differentiable 

in the interval   ,   -  then the Wronskian determinant for 

this function. 

 

  ( )  |

       

          
             

| 

Remark: 
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If  the number of functions equal n then we derive the 

function to  n-1. 

Example: 

Find the Wronskian determinant for set {    } 

Solution: 

 ( )  |   

    | 

            

Example: 

Find the Wronskian determinant for set *      + 

Solution: 

 ( )  |
    

     

    

|     

Example: 

Find the Wronskian determinant for set *       + 

Solution: 

 ( )  |
     
     
    

| 

 ( )   |
    
   

|   | 
   

   
| 

 ( )   (        )  (        ) 

 ( )                      

 ( )    (           ) 
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 ( )    (        ) 

Example: 

Find the Wronskian determinant for set *            + 

Solution: 

 ( )  |

           

             

  

  
   

    
            
          

| 

Step-1- 

 ( )  |

           

                  

  

  
   

    
           

     

|          

Step-2- 

 ( )  |

           

                  

 
  

 
    

                
     

|          

Step-3- 

 ( )  |

           

                  

 
 

 
     

                
           

|          

Step-4- 

 ( )    |
                 

 
     

                
          

| 

Step-5- 
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 ( )    |
                 

 
 

                
           

|          

Step-6- 

 ( )    |
                 

 
 

                
          

|          

 ( )    ,     - |  
                

          

| 

 ( )    ,     ,(    )(    )  (   )(    )-- 

 

 ( )    0     ,(             )  (        )-1 

 

 ( )    ,     ,(             )         )-- 

 

 ( )    ,     ,(             )-- 

 

 ( )    ,                            - 

 

 ( )                   
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Exercise: 

1) Find the Wronskian determinant for set 

*                        + 

2) Find the Wronskian determinant for set 

*                       + 

3)Find the Wronskian determinant for set *         + 

 

 

 

Linearly non Homogenous Differential equation of order n. 

 ( )   ( )       

Theorem  

Let     particular solution of the linearly non Homogenous 

Differential equation of order n. 

 (*) and let    is the general solution of  ( )    

Then the general solution of (*) is       

Proof: 

 (     )   ( ) 

 ( )   ( ) 

 ( )                 

 (     )   (  )   (  ) 

 (     )   ( )     ( ) 
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      is a solution for (*)    ⋁  ( )   ( ) 

Let y be the general solution for  ( )   ( )     

       

       

 ( )   ( )   (  ) 

 ( )   ( )   ( ) 

 ( )    

                    ( )    

     

 

An existence and uniqueness theorem  

Let   ( )    ( )    ( )        ( )   

be a continuous function on the interval   ,   - 

suppose that                                    for n arbitrary 

constant in I then uniquenees  solution    ( ) is exist and 

define on I. 

which is a solution of the initial value probleme 

      ( )               ( )        ( )     

Which   

 (  )     

  (  )     

. 
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. 

. 

    (  )       

Remarks: 

1-The solution is exist and define for this solution  

2- if exist condition exist only one solution  

3- if not exist condition exist infinite solution  

Example: 

Find the unique solution for the initial value problem  

                       ( )           ( )    

Proposition: 

Let *                         + the set of solution  

The Linearly non Homogenous Differential equation of order 

n is linearly dependent iff 

   ( )                

Proof:  

Suppose   ( )                

                         

|

       

      
      

        
             

| [

  

       
  

]  [

 
 

     

 

] 

We transform these matrices to equation 

     (  )       (  )         (  )    
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      (  )        (  )         (  )    

.                    

. 

     
   (  )       

   (  )        
   (  )    

Suppose  

 ( )                       

It is a solution for Initial value problem 

      ( )  
         ( )     ( )    

With 

 (  )       (  )          (  )     

--------------  

Assistant professor: Dr. Thamer  Khalil Al-Khafiji 

 

 

 

Remark:    

If  Linearly non Homogenous Differential equation of order n 

is linearly independent is 

  ( )              . 

 

Second order linear homogeneous D.E with constant  

coefficients 

Definition: 
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Algebra equation is 

                            ( ) 

We get them  from  differential equation  

is                       ( ) 

and put                 a place                   

for the equation (1) 

                       

This is characteristic equation 

Example: 

Find the                         

                      

Solution.   

                                               

Example: 

Find the                         

                  

Solution. 

                                           

Example: 

Find the                         

              

Solution. 
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Example: 

Find the                         

            

Solution. 

Do not have                         since have the variable 

x. 

 

Method  to solve Algebra equation is 

          

The solve of                          

                        ( )      

(    )(    )    

The solution of (1)  

           

  
   √      

  
 

 

  
   √     

 
 

   
   √     
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   √     

 
 

There are  three  cases  to find    

Case one: 

If case           √        

                         

Then there exist two solution for independent equation 

 ( )    for equation (2) 

                  

                                        

                                            

Case two: 

If case           √        

          
  

 
               

Then there exist two solution for independent equation 

 ( )    for equation (2) 

          
  
    

            
  
   

                                        

     
  
       

  
                               

 

Case  three: 
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If case           

√      √ (     )  √  √      

  √      

          
  

 
                

   
    √     

 
 

  

 
 

 √     

 
 

   
    √     

 
 

  

 
 

 √     

 
 

Assume 

  
√     

 
     

  

 
 

                       

Then there exist two solution for independent equation 

 ( )    for equation (2) 

          (    )                (            ) 

           (    )             

    (   (   )      (   ))

    (          (  )) 

Then there exist two solution for independent equation 

 ( )    for equation (2) 

                                        

       (            )       (            ) 

     ,(     )      (     )      - 
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Example: 

Find                         

                    ( )          ( )     

          

                  

                                           

(   )(   )    

                                  

                

                           ( )        

                           ( )      

        

           

                 

                                      

Example: 

Find                         
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(   )(   )    

                                  

                

                               

Example: 

Find                         

                    ( )          ( )     

          

             

                                           

(   )(   )    

                         

                

                               ( )        

                                      ( )      

 

     

     

                                              

Example: 

Find                         

                    ( )          ( )     
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  √  (   )

 
 

  √   

 
      

     (    )              (            ) 

     (    )               (            ) 

     (              )    

    (              )      ( )         

     (                 )    (              ) 

  ( )     

                 

     (              )    

    (            ) 

Example: 

Find                         

             

          

         

      

(    )(    )(    )    
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Exercise: 

Find the general solution for differential equation. 

                          

                   ( )      ( )       ( )     

                     ( )      ( )       ( )

    

                  

          

 

Assistant professor: Dr. Thamer  Khalil Al-Khafiji 

 

Laplace transforms: 

Let  ( )the function defined by ,   ), 

 The Laplace Transforms for  ( ) is  

 * ( )+  ∫      ( )          
 

 

 

The domain F(s) is every value of S. 

∫      ( )       
   

∫      ( )  
 

 

 

 

 

Properties: 

   * ( )   ( )+   * ( )+   * ( )+ 
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   *  ( )+    * ( )+ 

   *    ( )+   (   ) 

Example: 

Find Laplace transforms for  ( )     

Or. Find Laplace transforms for  * + 

Solution. 

 * ( )+  ∫      ( )  
 

 

 

 * +  ∫       
 

 

  
 

 
            

  

 * +   
 

 
     

 

 
     

 * +    
 

 
 

 

 
 

Remark: 

  )    
 

  
 

 

 
   

  )     

  )     

Example: 

Find Laplace transforms for  ( )     

Find Laplace transforms for  * + when a is constant. 

Solution. 
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 * +   *   +    * +   
 

 
 

 

 
 

Example: 

Find Laplace transforms for  * + 

Solution. 

 * +  
 

 
 

Example: 

Find Laplace transforms for  *   + 

Solution. 

 *   +  
   

 
 

Example: 

Find Laplace transforms for  * +  

Find Laplace transforms for  ( )     

Solution. 

 * ( )+  ∫      ( )  
 

 

 

 * +  ∫        
 

 

 

 * +  ( 
 

 
      

 

  
    )         

  

 * +  ( 
 

 
      

 

  
    )  ( 

 

 
      

 

  
    )  نبأ
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 * +   ( 
 

  
)  

 

  
 

x      

1 
 

 

 
     

0  

  
     

 

 

 

Example: 

Find Laplace transforms for  *  +  

Solution. 

 * ( )+  ∫      ( )  
 

 

 

 *  +  ∫         
 

 

 

 *  +   
  

 
     

  

  
     

 

  
            

  

                     

 *  +   ( 
 

  
)  

 

  
 

Remark: 

     (   )  (   )     

           

Exercise: 
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Find Laplace transforms for  *  +  
 

    

Exercise: 

Find Laplace transforms for  *  +  
  

    

Remark: 

The Laplace transforms for  *  +  
  

      

Example: 

Find Laplace transforms for  *   +  

Solution. 

 * ( )+  ∫      ( )  
 

 

 

 *   +  ∫          
 

 

 

 *   +  ∫  (    )    
 

 

∫   (   )   
 

 

 

 *   +   
 

   
   (   )        

 
 

 *   +   ( 
 

   
)  

 

   
 

Remark: 

   *     +  
 

     
 

   *     +  
 

     
 

   *      +  
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   *      +  
 

     
 

 

 

Example: 

Find Laplace transforms for  *             +  

Solution. 

 *             +    *   +    *     +   * + 

  (
 

   
)   (

 

     
)  

 

  
 

 (
 

   
)  (

  

     
)  

 

  
 

Example: 

Find Laplace transforms for  *     +  

Solution. 

By above remark  

 *    ( )+   (   ) 

 *  +  
 

  
 

 *     +   (   )  
 

(   ) 
 

Exercise: 

1-Find Laplace transforms for  *         +  

2-Find Laplace transforms for  *          +  

3-Find Laplace transforms for  *      +  
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4-Find Laplace transforms for  {      √  }  

Inverse Laplace transforms 

 

 solution of initial value problem by Laplace transforms, 

definitions of partial and  Fourier series. 
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