Renewable Energy Department
Lecture of Differential equations

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Mathematics — (III)

First- order and first degree D.E, initial value problem, variable
separable, homogeneous and non homogeneous D.E, Exact
equation, linear equation, integrating factor, Bernoulli equation,
orthogonal trajectories, application physics Reduction the order
of the second order differential equation to first order equation,
n — order differential equation, linear non homogeneous D.E of
order n, Wronskian determinant, An existence and unique
theorem, second order linear homogeneous D.E with constant
coefficients, Laplace transforms, inverse Laplace transforms,
solution of initial value problem by Laplace transforms,
definitions of partial and Fourier series.

Reference.

1- Differential Equations 1, MATB44H3F ,Version September 15,2011-
1049.
2- Ordinary Differential Equations a first course ,Freed Brauer

and John A.Nothel.1973.



Differential equation:

A differential equation (D.E) is an equation involving a function
and its derivatives.

Example:

y .
1 ——+4 ycosx = sinx
dx Y '

2 —y' cosx —3 isnodifferential equation

Ordinary differential equation:

A differential equation (D.E) is called ordinary differential
equation if not contain partial derivatives.

Example:

1-— d—z + yx = 4x — 1 is ordinary differential equation

2—x—+y— =2z ispartial differential equation

is not ordinary differential equation is partial derivatives

Order of ordinary differential equation:

The order of ordinary differential equation is the highest order
derivative occurring.

Example:

d?y
1—W+3y—2x=0

second order of ordinary differential equation
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d?y d*y
2 — W + 3_’)/ —2x = W

frourth order of ordinary differential equation

Degree of ordinary differential equation:

The degree of ordinary differential equation is the highest power
or power for highest derivative occurring.

Example:

d2y\’
1_<W> +3y'—2x=0

second degree of ordinary differential equation

d?y\°
2 — (W) + 3y — 2x = sinx

first degree of ordinary differential equation

Solution of differential equation of order n:

The Solution of differential equation of order n consists of a
function defined and n times differentiable on a domain D
having the property that the functional equation obtained by
substituting the function and its n derivatives into the
differential equation holds for every point in D.

Example:

If the function y = sinx is a solution of

y'+y=0



Solution.

y = sinx
y' = cosx
y' = —sinx
y'+y=0

—sinx + sinx = 0

y = sinx isasolutionof y"+y =20
Exercise:

1-1f the function y = e~%* is a solution of
y'=4y" —4y'+16y =0

2- If the function y = Ln x3 is a solution of

y'' =4y’ +16y =3

First- order differential equation:

1-Variable separable differential equation
2-Homogeneous differential equation

3- Non homogeneous differential equation
4-Exact differential equation

5-Integrating factor differential equation
6-linear equation differential equation

7-Bernoulli differential equation



1-Variable separable differential equation:

A first order has the form F(x,y,y’) = 0

Such that

F(x,y,y) =0

y =f(xy)
dy
T g(x).h(y) [+ h(y)] [* d(x)]
Y _ yodx h(y) % 0
—— = g(x)dx
nG) ¢ Y

dy f

— = (x)dx

h() J
Example:
Find the general solution for differential equation.
y'=e
Solution:
y =e*7
d
d_ic/ =e* e [* dx]
d
—ydx =e* e Vdx
dx

dy=e* e dx [+e™ 7]



j eydy=j e* dx

e¥=e*+c [xLn] [e™=x  Ine*=x]
ILn e¥ =Ln (e*+¢)
y=Ln (e*+c)

y =x+ Lnc

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Initial value problem:

The initial value problem is a condition with differential
equation to get the value of C

Example:

Find the general solution for differential equation.

y=e7 , y=D=0, yx)=y

Solution:

By the above example the solution IS
y =x+ Lnc

the initial value problem for y" = e*™>
y =x+ Lnc *
0=-1+1Lnc

1 =Lnc



y=x+1

Example:

Find the general solution for differential equation.
3x%y?dx + y*dx + dy = 0, y(2) = 1.
Solution:

3x2y2dx + y?dx +dy = 0

3x2y2dx + y?dx +dy =0 + y?

d
3x2dx+dx+—321= 0
y
d
—}2] = —3x%dx — dx
y

d
j y—)zl=j —3x2dx—j dx
jy‘z dy=j —3x2dx—j dx

y—2+1 _3x2+1

= —X+cC
—2+1 241
-1
L= —x3-x+c
-1
-1 3 2_2 =
S = X X+c (3 _3),y(2) 1.
—=-23-2+c¢
—1=-8-2+c



Y T —x+9

Example:

Find the general solution for differential equation.

dxinx +dy =0
Solution:

dxlnx +dy =0
dy = —Inxdx

j dy=—flnxdx

y=—(xnx—x)+c

y=—xlnx+x+cC

Exercise:

1-(1+x%)y =1+y?

2 — (xy? +x)dx+ (yx> +y)dy =0

3 — y'siny = sin’x

4 — 2e3*siny dx + e*cscydy =0, y(2)=1

x*+1

5—xeYdy + dx =0

Homogeneous differential equation:

A function F(x,y) is called homogeneous differential equation
of degree n if



F(3x,3y) =AF(x,y)

Method -1-
,_y+x
Y = X
W+l My+x) y+x
F(Qx, dy) = = = = F(x,
(3x, 3y) . . (x,y)
Method of solution-2-
y=vxﬁv=z
X
, +¢w
y =V xdx
Example:
Find the general solution for differential equation.
, _ytx
Y = X
Solution:
, _ytx
Y = X
AWw+ix ANy +x + x
FQx,xy) = Y = & )=y = F(x,y)
p) Ax
,_y+x
Y = X
dv + x
v+ Xx _y
dx X
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%
v+x—=X+1—>v=

dx x x
+ dv +1
—_—— -
v xdx v (v.s)
dv_
xdx_ X
dv 1
e 3
dx x x
dx
dv = —
X
dx
| e-] %
X
v=Ln|x|+c
X=Ln|x|+c
X

y = xLn|x| + xc
Example:
Find the general solution for differential equation.
: y
Yy =
X+ 4/xy
Solution:
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, Yy
TN

F(x,3y) =

3y 3y

Ay

Ay y

=)(x+xy)=x+xy

" y
x+\/x_y

- y
TN,

dv y

VtXx——=
dx x +

11

oy M+ APxy M+ xy

=F(x,y)



X —nfv 1
dx_1+\/§ dv

—nv 1 x
1++v dv dx
dv _dx
14++v
1++v dx
dv =
1++v dx
dv =
—v V2
1++v dx
dv 3 =
— 2 X
1+v dx
[ wttfe] g
— V2 X
1 Vv
—J—Edv—f _Edvzf
v2 v2
1 1 -3
—J—gdv—vaUZdv=f
v2
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-1

—v 2 1

T —f—dv=Ln|x|+c
-1 v

7

2 _Lnlvl = Lnlx| +
— — LN || = LNn|x C
NG

2

——1Ln |%|=Lnx+c

\/g

Example:

Find the general solution for differential equation.
Y y Y
= —ycos—)dx + —dy =0
(xsmx coS X) X xcosx y

Solution:

(xsinz — ycos X) dx + xcos % dy =0

X X
.y y
—Xxsin= CoS =
dy _ X Ty X
dx XCOS Y
dv —sinv + vcosv
v+ x =
dx COSV
dv —sinv + vcosv
X = —v
dx COSV
dv —sinv + vcosv — vcocv
x =
dx COSV
dv —sinv
x ==

dx CcCoSsv
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X —Sinv

dx cosvdv

—dx cosvdv

X sinv

j —dx_j cosv dv
x sinv

—Ln|x| + ¢ = Ln |sinv|

—Ln|x|+c=1Ln |Sin¥|

X

Ln|x|"Y+c=Ln |sin¥

* e
e*(Lnlx|™t + ¢) = e*Ln |sin¥|

|x|71 + e¥c = |sinz|
X

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Exercise:

Find the general solution for differential equation.
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3—2(x%+y?)dx —xydy =0

y_ xyg

, Y —X
5—y =

Y y+x

6 — (x — ylny + ylnx)dx + x(Iny — Inx)dy = 0
Y
7—(m%410dx—x¢y=0

3- Non Homogeneous differential equation:

Example:

Find the general solution for differential equation.

_x—=y-—3
Cx+y+1

’

y

Solution:

15



2x—2=0-x=1 Ly =-2
Let X =x—x, Y=y—-y

Then

X=x-—1 Y=y+2

x=X+1 y=Y -2

dx =dX dy=dY

_x=y-—=3
x+y+1

av X+1-(Y-2)-3 X-Y

dX X+1+Y-241 X+VY

’

y

dy X-Y
dX X+Y

— Homogenuous

dv
dx

S
I
h<

<
+
S
I
S
_|_
h<

<

_|_

St
<Y
<

I
S
h<

QL
<
Se <[>
_|_

Sl <= Sl <
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j v+1 dy — _[ ax
v r2m—17"7 X

1}2 vl j dX
2“2y —1%Y 7 X

1
—Ln|v? +2v—1| = —-Ln|X| +c

2
1 +2\° +2
—Ln (y ) +2y — 1| =-Ln|x — 1| + ¢
x—1 x—1
Example:
Find the general solution for differential equation.
, 3x—-y-—1
y = x—y+3
Solution:
, 3x—-y-—1
Y= x—y+3
Foooy) =2 =Y =1 )
L N Ty +3 Y
Non Homogeneous
_3x—-y-—-1
Y= x—y+3

3x—y—1=0 ..(1)
x—=—y+3=0 .. (2)
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3x—y—1=0 ..(1)
—x+y—3=0 .. (2)

2x—4=0 - x=2 Y =
Let X =x-—x Y=y—-1y,
Then

X=x-2 Y=y-5
x=X+2 y=Y+5
dx =dX dy=dY

, 3x—-y-—1
Y = x—y+3

dY 3X+2)-(Y+5-1 3X-Y
X (X+2)—-(Y+5+3 X-Y

dYy 3X-Y
dXzX—Y — Homogenuous
dv. 3X-Y
A Ol

18



Y
wx & _2Tx
T T Y
X
+de_3—v
VT T 10
de_3—v
X 1-v '
dv 3 —v—v+v?
X — =
dX 1—v
dv 3 —2v+ v?
X — —
dX 1—v
x_3—2v+v21
dx 1—v dv
1—v p _dX
3_2v+02 0T X

j 1—v d_j aX
3_2v+v2 0T X

NS CL _f dx
2 3_2v+v2 0" X

1
_—ZLn|3 —2v+v?| =Ln|X|+c

y—5 (y—Sf
—2
3 X — 2 +x—2

=In|lx—2 |+¢c

—L
-2 n

Example:

Find the general solution for differential equation.

, 2x+3y-10
Y= 2x+3y+5
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Solution:

, 2x+3y—10
Y = 2x+3y+5

A2x + 33y — 10

F(Qx,dy) =
(3%, 3y) 22x + 33y +5

+ F(x,y)

Non Homogeneous

, 2x+3y-10
Y T X +3y+5

2x+3y—10 ..(1)
2x+3y+5 ... (2)

This is two parallel line

w = 2x + 3y
Z—;=2+33—i} *
dy w—10

dx w+5
EK=2+3(W_10)
dX w+5
aw 3w — 30

— =2 4
ax w+5
dw_2w+10+3w—30
dx w+5

dW_SW-ZO

adXx w+5
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dw 5(w—4)

dXx w+5

w+5
—dw—Sfdx

w+5-9)+9

f dw=5fdx
w—4

—W+j—dW—5 dx

j dw+9j—dw—5 dx

w+9Lnlw—4|=5x+¢c
2x+3y+9Ln|2x+3y—4|=5x+c

Example:

Find the general solution for differential equation.

6x + 2y +1
2x —y+2

y':

Solution:

6x +2y+1
2x —y+2

y':

6ix + 23y +1
2 x — 2y + 2

F(3x,3y) = * F(x,y)

Non Homogeneous

6x +2y +1
2x —y+ 2

y’:
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6x+2y+1=0 ....(1)
2x—y+2=0 .... (2) 2

6x+2y+1=0 ....(1)
4x —2y+4=0 .... (2)

1
10x+5=0—>x=—§ Ly =+1
Let X =x-—x Y=yv-y
Then

1
X=x+= Y=y-1
2
1
x=X—-= y=Y+1
2
dx =dX dy=dY
, bx+2y+1
Y = 2x—y+2

1
dy_6(X—7)+2(Y+1)+1_6x+2y

ax 2(X—%)—(Y+1)+2 S 2X-v

dy 6X+2Y
dX 2X-Y

— Homogenuous
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dv 6X +2Y
v+ X =

dx 2X—-Y
6X 2Y
de_y"‘y
v+ dX—E_Z
X X
dv 6+2§
X — =
v+ e Z_Z
X
+de_6+2v
VA T 2=
de_6+2v
X 2—-v "
de_6+2v—2v+v2
dx 2—v
de_6+v2
dX 2-v

JZ—vd _J ax
v24+6 X

j 2 g 1j 217d_f adx
V2 +6 v 2) v:2+6 V= X

2 1
jv2+6dv—ELn|v + 6| =Ln|X|+c
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2 r(x)
_[v2+6_jp(x)+g(x)

Exercise:

Find the general solution for differential equation.

, x+2y—1
11—y =
2x—3y+6
, 2x+3y—10
2—y =
2x+3y+5

3—(x*+y?—2x—4y+5)y =xy—2x—y+2

4-Exact differential equation:

M(x,y) dx+N(x,y) dy=0

M, = @,
N, = 0,
M, = N,

Method of solution

Case one: The method of M
1-0(x,y) = fM(x,y)dx

O(x,y) =M*+ g(y)

24



d
N(x,y) ZEM* + 9 )

d
= ——M"d
g) j(% & )dy
Case one: The method of N

2—0(x,y) = fN(x,y)dy

O(x,y) = N* + h(x)

d
M(x,y) ZEN* + h'(x)

d
h(x) = j(@x —EN*)dx

Example:

Find the general solution for differential equation.
By + e¥)dx + (3x + cosy)dy = 0
Solution:
By +e*)dx + (3x + cosy)dy =0
M(xy) dx+ N(xy) dy =0
M(x,y) =3y +e* > M, =3
N(x,y) = 3x + cosy - N, = 3
M, = N, Exact
Now: By The method of M

25



1-0(x,y) = fM(x,y) dx

O(x,y) = j By + e%) dx
O(x,y) =3yx +e*+ g(y) *
d ,
2—N(x,y) = d—yM +9' )

3x + cosy =3x+ g'(y)

cosy = g'(y)
3—] cosydy =j 9 (y)dy

siny +c¢ =g(y)

*

4 —0(x,y) =3yx+e*+ g(y)

O(x,y) =3yx +e* +siny +c

Example:

Find the general solution for differential equation.
(ycosx + siny)dx + (sinx + xcosy — siny)dy = 0
Solution:
(ycosx + siny)dx + (sinx + xcosy — siny)dy = 0
M(x,y)dx+N(x,y)dy=0
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M(x,y) = ycosx + siny - M,, = cosx + cosy
N(x,y) = sinx + xcosy — siny = N, = cosx + cosy
M, = N,

Now: By The method of M

1-0(x,y) = jM(x,y)dx

O(x,y) = f (ycosx + siny)dx
O(x,y) = ysinx + xsiny + g(y) =

d ,
2—N(x,y) =@M* +9 ()

sinx + xcosy — siny = sinx + xcosy + g'(y)
—siny = g'(y)

3—]—Sinydy =f g9 (y)dy

cosy +¢=g()
@(x,y) = ysinx + xsiny + g(y) *
@(x,y) = ysinx + xsiny + cosy + ¢
Exercise:
Find the general solution for differential equation.

1—ye*Ydx +xe*dy =0
X
2—ILnydx+—-dy =20
y
3 —e*cosydx + (1 — e*)sinydy = 0
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4 — (ycosx + 2xe¥)dx + (siny + x?e¥ + 2)dy = 0

4-Not Exact differential equation:

M(x,y)dx + N(x,y) dy=0

M, = @,,
N, = 0,
M, # N,

Method of solution

I(x,y) (M(x,y)dx + N(x,y)dy)=0 is Exact

Assistant professor: Dr. Thamer Khalil Al-Khafiji

The method of finding an integration factor

Case one:

if MyI;Nx — g(x) - I(x,y) — efg(x)dx

Example:
(x? +y2 +x)dx + xydy =0
Solution:
M(xy) dx + N(x,y) dy=0
M, =2y

N, =y

28



M, # N,

Now:

if — = g(x) - I(x,y) = el 9(x)dx

My,—-N, 2y—-y y 1
N = =—=—-—=g()
Xy Xy x

I(x,y) = eJ 9)dx = ef%dx = el™ = x

I(x,y) = x.[(x* + y* + x)dx + xydy = 0]

(x3 + xy? + x?)dx + yx?dy = 0 is Exact

M, = 2xy
N, = 2xy
M, = N,

Then is solution by method of Exact differential equation
(x3 + xy? + x?)dx + yx?dy = 0
M, = N,

Now: By The method of M

1-0(x,y) = fM(x,y)dx

BO(x,y) = j(x3 + xy? + x?)dx

4 2.,,2 3

X
®(x,y)=z+ > +§+g(y) *

29



d
2—N(x,y) =@M* +9 ()

2x%y
2

yx*t =

+9' )

yx® =x*y 4+ g'(y)

0=g9)

3—dey=f g (y)dy

c=9)
x4 24,2 3
®(x,y)=Z+ 5 +§+g(y)
@( ) 4+x2y2+x3+
- — *
YY) =TT,

Case two:

if <—==h(y) - I(xy)=e [rW
y2dx + xydy = 0
Example:
y2dx + xydy = 0
Solution:
M(x,y)dx+N(x,y)dy=0
M, =2y

N, =y

30



M, # N,

Now

if — = h(y) - I(x,y) = e~ h(y)dy

My —Ny Yy

=:=5,=hO

M y2

1
I(x,y) = e~ J R0y — oI5 _ p-iny _ piny™ _

1

y
1

I(x,y) = ; (y2dx + xydy = 0)

ydx +xdy =0

is Exact
M, =1
N, =1
M, = N,

Then is solution by method of Exact differential equation

Case three:

1

M=yfy) and N=xg(x,y) ~>10cy) = ar— g

Example:
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. xy* -y
y_

X
Solution:
dy xy’>-—y
dx X

(xy? — y)dx —xdy =0
M =yf(x,y) and N =xg(x,y)
M(x,y)dx+N(x,y)dy=0

M, =2xy —1
N, = —1
M,, # N,
Now:
M =yf(x,y) and N ==xg(x,y) = I(x,y) S -
xM — yN
I(x,y) = 1 _ 1 _ 1
xM—yN  x(xy? —y) —y(=x) x?y?
Now:
1

((Jncy2 — y)dx — xdy) = 0 is Exact

nyZ

AL PR
x x%y X xy? Y=

Then is solution by method of Exact differential equation
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Exercise:

Find the general solution for differential equation.
1-y(y+2x—2)dx—2(x+y)dy =0
2—(y?—=3y—x)dx+ 2y —-3)dy=0

3— 2y + 3xy?)dx + (x + 2x%y)dy = 0

4 — (x¥)dx + 2ydy =0

6-linear differential equation:

y +p(x)y = q()
The method

y +p(x)y = q(x)
d
Iy +p(x)y] = el
, Codr
Iy +Ip(x)y =1y Ty TV

di
Ip(x) = =

Jdl fp(x)dx

In|l| = jp(x)dx

33



[ = eJP(X)ax

Example:
Find the general solution for differential equation.
y +3y=e%*
Solution:
y +3y=e %

y +p(x)y = q(x) is linear

I = efp(x)dx
| = ef3dx — g3x
e3*(y +3y = e %)

y e3* + 3e3%y = ¥
d
E()’ e’¥) =e*

d
j E(ye“)dx =j eXdx

ye3¥ = eX + A
e*+ A
Y= o
Example:
Find the general solution for differential equation.
y — 5y = x?
Solution:

y —5y=x’
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y +p(x)y = q(x)

I = efp(x)dx

| = ) —5dx — p—5x

e 5*(y — 5y = x?)

y'e—Sx _ 58—5xy — x2p~5%
d
a(ye—Sx) = x2p75X

d
a(ye"sx)dx =j x? e >Xdx

x? 2x 2
-5x _— __ ,—5x _ ,—5x __ _ ,—5x A
ye c e + oc e + 125 e +
Derivative +- Integral
x2 + e—5x
2X \ —1 —-5x
— | — ?8
2 o 1
— _  pToX
i 25 ¢
0 B — —1 e~ 5%
125
Example:
Find the general solution for differential equation.
yx?+2xy =1
Solution:

yx®+2xy=1 +x?
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.2y 1
+—==—
Y x  x2

y +px)y =q(x)

[ = el PG)dx

1
2)=-d 2
Izefxxzezmxzelnx = x2

x%y +2xy =1

4 x?y =1
dxyx N

f %(yxz)dx=f1dx

yx?=x+A

x+ A
y:

x2

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Exercise:

Find the general solution for differential
1—y = cscx — ycotx

2—yx3+2x%y=1

3 —y + ycotx = 5e¢°5*
4 — y' +y = sinx

7-Bernoulli equation:

36
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y +p@)y=q(x)y" n=#0]1
Example:

Find the general solution for differential equation.
y —y=xy?
Solution:

y —y=xy? xy7?

Yy —yTt=x

Letw=(y)' -y _1
w

W= -y~

—w =y~%y’

By

yly —yt=x s

-w—-w=x

w+w=—x Linear

| = efp(x)dx

[ =eldx = ex

e*(w +w=—x)
we* + we* = —xe*

d

— (we*) = —xe”*

dx

d
J a(wex)dx = —j xe*dx

37



Derivative

Integral

X

1 —

0

IR

Example:

Find the general solution for differential equation.

4 1

 Ta— 23 43
y xy X"y
Solution:

'_2_33
y ==Xy vy

y +(=2)
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- | -2
-2 X x *
, 2w .
w +7 = —2x3  Linear
[ = eJP(X)ax
f%d 2
| = ! x%* = p2lnx — plnx® — ,.2
2w
x? (W' +—= —2x3)
X
x2w 4 2xw = —2x°
d
a(xzw) = —2x°
d , 5
J §(x W)dx=f — 2x°dx
x*w _—x6 +c
3
B —x* N C
W= 3 x2
_|-3 N x2
x*  c
Example:

Find the general solution for differential equation.

2xyy’ = y* — 2x3

Solution.

2xyy’ = y* — 2x3
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2xyy —y? = -2x3 +2xy
, ¥y =

- = *

Y -5~ Y
’—y—2=—x2

yy 2%

4 7 W’
wo=2yy 2> =Yy
'—y—zz—xz
Yy 2x
wow
FR T O
w
w ——= —2x?
X

] = efp(x)dx

1
| = e—fgdx — p—lnx — plnx™t _

X X
w W
?+F——2x
d
()=

f %(g)dx=j — 2x dx

w
—=-x*+c
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_|x*+c
Y= X

Find the general solution for differential equation.

Exercise:

1—y + X
-y txy=-
y

2-y =y-xy’e™
3 — y'sinx —ycosx +y* =0

Orthogonal trajectories:

In mathematics an orthogonal trajectory is a curve which
intersects any curve of a given pencil of planar curves
orthogonally

Example:

If the slope of curve is 6xy find the equation of the curve if
the curve throw the point (2,1).

Solution.

Lny = 3x% +¢
In1=32)>+c Ln1=0
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c=-12
Lny = 3x% — 12
Example:

Find the orthogonal trajectories of the family of the curve

y = cx?.

Solution:

y:cxz *

‘orth | =—
y'orthogona 2y

dy —x
dx 2y

j 2ydy = —jxdx

X
+ﬂ =1 Ellipse
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Example:

Find the orthogonal trajectories of the family of the circle
and the center is point of origin.

Solution:

By the circle point of origin the equation is

x2+y?=c
2x +2yy' =0
x+yy =0
=X
=y

y'orthogonal = %

dy ¥y

dx x

[ENE
y X

Ln|y| = Ln|x| + A

y = xe”

y = kx

Is the equation of line
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Exercise:

1- Find the orthogonal trajectories of the family of the circle
throw the point of origin and the center in X-axsis.

(x —c)2 +y%2=c?

2- Find the orthogonal trajectories of the family of the parabola
throw the point of origin in X-axis.

y? = 4cx

3- Find the orthogonal trajectories of the family of the curve

y2 = cx?

4- Find the orthogonal trajectories of the family of the curve
x—4y=c

5- Find the orthogonal trajectories of the family of the circle
throw the point of origin and the center in y-axsis.

x2+ (y —c)? = c?
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Application physics
Example:

Electrical Circuit consisting of resistance R and generator
(coil) self generated factor (L) have been connected with
battery her voltage (E) find the current (I) for this circuit if
i=0 and t=0.

Solution.

Lﬂ+Ri=E

dt

di R E

& 1'71 7
R E

P(x)=z; CI(X)=Z

%t E §t+
lel" =—e C
L
E R
ZeLt+c —E
[ = i=0,t=0, C=—
R, R
el
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Reduction the order of the second order differential
equation to first order ordinary differential equation

If there exist second order ordinary differential equation there
are two cases.

Case oney is deleted:

4 rrs d 4
Lety' =p .,y =—"=p

Example:

Reduction the order of the second order ordinary
differential equation.

y' +y +x=0
Solution.

y'+y +x=0
Since y is deleted

/ ’e d ’
Let y'=p,y =-"=p
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p'+p=—x
p’ 4+ p = —x itslinear
[.LF=eld* =¢*

e*(p'+p=—x)

e*p’ +e*p = —xe*
j(pex)' = —jxexdx
Derivative +- Integral
X + e*
1 — - — e*
0 + — e*

p = o =x—1+ce—x
, 1
y =x—1+ce—x
, 1
j y=f (x—1+ce—x)dx
X2
y=?—x—ce‘x+A

Case two X is deleted:

’ ’y d
Lety =p,y =pd—§

Example:

Reduction the order of the second order ordinary
differential equation.
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yy'+y* =20y
Solution.

vy’ +y? =2y’
Since X is deleted

’ ’r d
Lety =p,y =pd—§

dp 5
— =2 2
yp & +y (»)

dp
— =2 2 __ .,2
yp & P -y

dy 'y p

dp _2p 'y

Suppose z = s > p=yz

dp dZ+ bstitute i
—_— = e k
ay ydy z substitute in
dz+ _ 1

ydy z =2z .
dz_zz—l -

ydy_ Z '

j ﬂ=j z dz
y z2 -1
1
Iny =§Ln|z2 —1]+c

1
Iny = ELTIKZ)Z —1]+c¢
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1
Iny = ELnl(z)2 —1]+c

1
Iny =Ln((z2)? -—1)2+¢

y= () — 12 +ef

2

y2 = (((z)2 _ 124 A)
V2 = (2)? = 1)% + 2(A(2)? — 1)2 + A2

1
y2 =2z24+2(4(2)* - 1)2+ 4% -1

Example:

Reduction the order of the second order ordinary
differential equation.

x-Dy ' +y —(x-1?=0
Solution.

x—1y" +y - (x—-1)?=0
Since y is deleted

' ’e dp ’
Let)’:p;y :az

(x—Dp +p—(x—1)2=0

(x—Dp +p=x-1)*

1
I+_ — _1
pt—p=0G-1

fidx Ln|x—1]
[.F=¢e’x-1"" =¢ —x—1
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1
G- (p+—p=-1 )
(x—Dp +p=(x—1)>
j((x —1)p)’ = j(x _1)2dx

(x —1)°

—p=——— g
(x—Dp 3 c

x — 1)2 C
=( )+

3 x—1

(x —1)? c
’= E
Y 3 +x—1 xe

Exercise:

Reduction the order of the second order differential
equation.

1-y"+yy' =0

2—xy' ' +y =x?

r7s 4 4 14 2
3—y =3y y2)=1, y(2)=§
rrs y’ 14
4—y = y(1) =3, y(1)=1
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n — order differential equation:

1-y"+ 3y +y=sinx.

linear D. E non homogeneous second order
2-y"+y'"+y +y=0

linear D.E homogeneous third order
3—y°+3yt+y +y=e".

linear D. E non homogeneous fifth order
Example:

y = c¢1Sinx + cycosx isasolutionof y' +y =0
Solution.

Y1 = Sinx

y'y = cosx

y'’'1 = —sinx

By y'+y=0

—sinx + sinx =0

Y = COSX
y', = —sinx
y', = —cosx
By y'+y=20

—cosx + cosx =0
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Yy = ¢1Sinx + c,€c0Sx

y' = c;c08x — C,Sinx

y'' = —cySinx — cycosx

By y"+y=0

—(C1Sinx — cyc08x + ¢1Sinx + c,cosx = 0

Yes: y = c¢ysinx + c,cosx is a solution of y" +y =0

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Exercise:

1) y = cq€e* + c,€e* is a solution of
y'—y=0

2) y = c,e3* + c,e ?* is a solution of

y' —y +6y=0

Wronskian determinant

Let y; (x), y,(x), ... ... , ¥n(x) be a function that differentiable
in the interval I = [a, b] then the Wronskian determinant for
this function.

Vi Y2 Y
Y1 Ya2e Yn
y'i ¥Yi2w ¥Y'n

w(x) =

Remark:
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If the number of functions equal n then we derive the
function to n-1.

Example:
Find the Wronskian determinant for set {x, x°}

Solution:

w(x) =

|x x>
1 5x*
= 5x° — x° = 4x°
Example:

Find the Wronskian determinant for set {1, x, x3}

Solution:
1 x a3
wkx)=10 1 3x2|[=6x
0 0 6x
Example:

Find the Wronskian determinant for set {e*, x?, x}

Solution:
e* x?% «x
wkx) =leX 2x 1
e* 2 0
_ . le* 2x| _ ,le* «x?
W(x)—xex 2| 13" 2|

w(x) = x(2e* — 2xe*) — (2e* — x?e”)
w(x) = 2xe* — 2x%e* — 2e* + x%e*

w(x) = e*(2x — 2x% — 2 + x2)
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w(x) = e*(—x? + 2x — 2)

Example:

Find the Wronskian determinant for set {x?, x3, e™*, e*}

Solution:
ex
ex

wix) = |5
ex

Step-1-
ex

0
wio) = |0,
ex

Step-2-
ex

_ 10
ex

Step-3-

ex
10
wix) = | o
0

Step-4-

w(x) = e*

Step-5-

e x2 X3
—e™ 2x  3x?
e % 2 6x
—e ™ 0 6
e ¥ x2
—2e™* 2x — x?
e > 2
—e X 0
e * x2
—2e™* 2x — x?
0 2 — x?
—e * 0
e ™ x2
—2e™* 2x — x2
0 2 —x?
—2e™* 0 —x?
—2e™ 2x —x?
0 2 — x?
—2e % —x?2
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2 .3
?é))CC X TZ—T1—>T‘2
6
X3
3x2 — x3
6% — 3 3 —T1 =713
6
»3
3x2 — x3
6x— 3 |t T
6 — x3
3x% — x3
6x — 3
6 — x3



—-X
—2e 2x —x%  3x%—x3

w(x) =e* 0 5 2 x_ 3 r3—1 13
0 —2x 6 — 3x?
Step-6-
— —X 2 2 3
w(x) =e* 2e 2x —x%  3x°—x r3+1 >3

0 2 — x2 6x — 3

wix) = ef[~2e™] 2 — x? 6x — 3

—x%  6-x3

w(x) = e*[-2e7*[(2 — x*)(6 — x°) — (—x*)(6x — 3)]]
w(x) = ex[—Ze_x[(lz — 2x3 — 6x% + x%) — (—6x3 + 3x2)]]
w(x) = e¥[—2e *[(12 — 2x3 — 6x% + x5) + 6x3 — 3x2)]]
w(x) = e*[—2e~*[(12 + 4x3 — 9x% + x5)]]

w(x) = e¥[—24e *—8x3e *+18x%e ¥ —2x°e*]

w(x) = —24 —8x3 +18x? —2x°
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Exercise:

1) Find the Wronskian determinant for set
{sinx, e*, cosx, sinhx, coshx}

2) Find the Wronskian determinant for set
{sinhx, coshx, —sinhx, cosx}

3)Find the Wronskian determinant for set {x?, x =%, x3}

Linearly non Homogenous Differential equation of order n.

Liy) =0(x) =
Theorem

Let y, particular solution of the linearly non Homogenous
Differential equation of order n.

(®) and let y,, is the general solution of L(y) = 0

Then the general solution of (*) is y,, + y,
Proof:

L(y, +yn) = 0(x)

L(y) = 9(x)

L(y) =0 islinear

L(yp + ¥n) = L(3p) + L)

L(y, +yn) = 0(x) + 0 = 0(x)
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Yp + ypisasolutionfor (*) V L(y) = 0(x)
Let y be the general solution for L(y) = @(x)
Z=Y =W

Y=Z+Y

L(z) = L(y) + L(yp)

L(z) = 0(x) — B(x)

L(z)=0

~ z is solution for L(y) =0

Z =Yn

An existence and uniqueness theorem

Let f(X), ag (x),a; (x) .... a,(x)

be a continuous function on the interval I = [a, b]

suppose that x, €I and ¢y, ¢; ... ,c,_, fornarbitrary

constant in I then uniquenees solution y = y(x) is exist and

define on I.

which is a solution of the initial value probleme

Y+ ag YT+ ang ()Y + ap(0)y =0

Which
y(xg) = ¢
y'(x9) = ¢4
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Yy (x0) = cny

Remarks:

1-The solution is exist and define for this solution
2- if exist condition exist only one solution

3- if not exist condition exist infinite solution

Example:

Find the unique solution for the initial value problem
y'+y=0. y(0)=0, y'(0)=1
Proposition:

Let {y{, yo,... , ¥n} the set of solution

The Linearly non Homogenous Differential equation of order
n is linearly dependent iff

w(x) =0, forall x €1
Proof:—
Suppose w(x) =0, forall x € I

d¢;,6p....cy, notall =0

Y1
Y1 y 2.
y”1 y 2 Cn

We transform these matrices to equation

c1 y1(xg) + 2 Y2 (xg) + -+ € Yn(x9) =0
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€1 Y'1(x0) + 2y 2(x0) + .+ ¥ n(x9) =0

¢ 1" (o) + ¢ 2 () + 0 YN (x0) = 0
Suppose

yE) = ayityat ot

It is a solution for Initial value problem

Y+ oIyt A ()Y + an(x)y =0
With

y(x0) =0,y"(x) = 0,..y" " (x0) = 0

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Remark:

If Linearly non Homogenous Differential equation of order n
is linearly independent is

w(x) #0, forall x € I.

Second order linear homogeneous D.E with constant
coefficients

Definition:

59



Algebra equation is
¥+ad+b=0 (1)
We get them from differential equation
isy +ay +by=0 (2)
andput y ,y ,y aplace 1,3,3°=1
for the equation (1)
Y=y A=y ,0=y=1
This is characteristic equation

Example:

Find the characteristic equation
y +3y -5y +6y=0
Solution.
3 +3)¥ —-53+6=0 characteristic equation
Example:
Find the characteristic equation
y +2y +5y=0
Solution.
3% +2345=0 characteristic equation
Example:
Find the characteristic equation
y —5y=0
Solution.
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32— 5=0 characteristic equation

Example:

Find the characteristic equation
y —x%y=0

Solution.

Do not have characteristic equation since have the variable
X.

Method to solve Algebra equation is
¥+ad+b=0
The solve of characteristic equation
¥+ad+b=0 (1) is
A—=3)0—-3)=0
The solution of (1)

Ax> +Bx+c=0

_ —bt+Vb*—4ac
B 2a

X

_—ai\/az—4b
B 2

) —a+Va? —4b
1:
2

2
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—a—vVa?—4b
2

322

There are three cases to find 2

Case one:

Ifcase a? —4b >0 > Va2 —4b>0

M # ), Real numbers
Then there exist two solution for independent equation
w(x) # 0 for equation (2)

Jlx lzx
)

yi1=¢€ Y2 =€

Yy =1y, + ¢y, thisis general equation
y = ¢ eM*+c,eM* this is general equation
Case two:

Ifcase a? —4b =0 - Va2 —4b =0

a
M= = ey Real numbers

Then there exist two solution for independent equation
w(x) # 0 for equation (2)

—-a
—-5X
V= eMX = 72

—-a
—-X
y, = e*2¥ = xe2

y = ¢1y; + ¢y, this is general equation

—-a —-a
—X —X . . .
Yy =cie 2" +cyxe 27 this is general equation

Case three:
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Ifcase a? —4b < 0
Ja? —4b = \/—(4b — a?) = V—1/4b — a?
= i\ 4b — a?

M FEI = > complex number

—a+iVdb —a? —a iV4b —a?
11 == = +

2 2 2

3 _—a—i4b—a2_—a iVab — a?
2T 2 2 2
Assume

V4b — a? —a
1=— P77

M =ptiq A =p—iq

Then there exist two solution for independent equation
w(x) # 0 for equation (2)

y, = eM¥ = ePFAX = oPX oldX = oP¥(cosqx + isingx)
yz e elzx e e(p_lq)x e epx e_qu

= eP*(cos(—qx) + isin(—qx))
= epx(cosqx — isin(qx))

Then there exist two solution for independent equation
w(x) # 0 for equation (2)

Yy =1y, + ¢y, thisis general equation
y = c;eP*(cosqx + isingx) + c,eP*(cosqx — isingx)

y = eP*[(cy + c3)cosqx + (c; — cy)isingx]

63



y = eP*Acosqx + Bisingx this is general equation
Example:
Find is the general equation
y -3y +2y=0 y(0)=1 y(0)=2
Solution.
y =3y +2y=0
3 —33+2=0 characteristic equation
A-2)0—-1)=0
M=2 X=1 - 1} #1 Real
y = ¢ eM*+c,eM*
y = ¢ e +c,e* y(0) =1
y' = 2c,e**+cye” y'(0) = 2

1=ci+c,
+2 = +2C1+C2
—1=—-c >y =1, c, =0

y = c,e?*  this is general equation

Example:

Find is the general equation
y —3ly +8y=0
Solution.
y —3ly +8y =0
3> —6)1+8=0 characteristic equation
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A-4H0-2)=0
M=4 X=2 - 3 #1X Real
y = ¢ e**+c,eM*
y = c e +c,e?*
Example:
Find is the general equation
y +4y +4y=0 y(0)=1 y'(0)=0
Solution.
y +4y +4y=0
3 +43+4=0 characteristic equation
Q+2)0+2)=0
M=-2=13 - Real
y = ¢ e**+c,eM*
y = ce” ¥ +xc,e” y(0) =1

y' = —2cie”¥*=2xc,e* +cye” % y'(0)=0

y =e **42xe ?*  thisis general equation

Example:

Find is the general equation

y —2y +5y=0 y0)=1 y'(0)=-1
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Solution.
y —2y +5y=0

32 —23+5=0 characteristic equation

2+4—-(4x5) 2+V-16

1+2i
2 2 -
y, = eAH2)x = oX 2% — oX(co52x + isin2x)

— e(l—iZ)x —i2x

Y1 =e*. e = e*(cos2x — isin2x)

y = eP*(Acosqx + Bisingx)

y = e*(Acos2x + Bisin2x) y(0) =1

y' = e*(—2Acos2x + 2Bisin2x) + e*(Acos2x + Bisin2x)
y'(0) = —1

A=1-1=2B+1->B=-1

y = eP*(Acosqx + Bisingx)

y = e*(cos2x — isin2x)

Example:

Find is the general equation

y =0
Solution.
y =0
¥ =0

(3—31)(3—32)(3_33) =0
Mi=2=2=0
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y = c;e%+xc,e+x%c;e0*
y =c;+xc, +x2cy
Exercise:

Find the general solution for differential equation.
1—-y =2y =y +2y=0

2—y" —y =y +y=0,y0)=0,y(0) =1,y"(0) = —1

3—y —3y +3y —y=0,y(0)=1,y(0) =0,y"(0)
= -1

4—y —y +y -y=0
5—y" =0

Assistant professor: Dr. Thamer Khalil Al-Khafiji

Laplace transforms:

Let f(x)the function defined by [0, o),

The Laplace Transforms for f(x) is

(0]

L{f (x)} =f e S*f(x)dx, s>0

0

The domain F(s) is every value of S.

jooe"sxf(x)dx = lim Jne"sxf(x)dx
0 n=eJo

Properties:

1-L{f(x) £ g0} = Lif (o)} £ L{g(x)}
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2 — L{af (x)} = al{f (x)}
3-L{e“f(x)}=F(s—a)

Example:

Find Laplace transforms for f(x) = 1.
Or. Find Laplace transforms for L{1}

Solution.

(00]

L{F (0} = f e f(x)dx

0

(0.0)

1
L{1} =j e Sdx = ——e X [,*
0 S

1 1
L{1} = ——e™5® 4 = ¢
S S

1 1
L{1}=0+-=>
S S

Remark:

1 1
1-)e ™ ®=—=—=0

e® (0/0)
2—)e” =0
3—)e’ =1
Example:
Find Laplace transforms for f(x) = a.
Find Laplace transforms for L{a} when a is constant.

Solution.
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L{a} = L{a 1} = aL{1} = al _¢
S S

Example:

Find Laplace transforms for L{5}

Solution.

5

Example:
Find Laplace transforms for L{—10}

Solution.

L{-lO} = T

Example:

Find Laplace transforms for L{x}.
Find Laplace transforms for f(x) = x.

Solution.

(0]

L{F (0} = j e f (x)dx

0
L{x} =j e Xxdx
0

1 1 _
L{x} = (—;xe"sx —S—Ze"sx) I,

1 1

1
1061 = (~ heoemsm ~ L gmsm) (L gemso
S S

SZ

Vs >0,e*=0if x>

69
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s? s?
X e—Sx
1 _le—sx
15
0
S_ze SX
Example:
Find Laplace transforms for L{x?}.
Solution.
LFG) = [ et Gadx
0
L{x?} = j e SXx?%dx
0
2 x2 —Sx 2x —Sx 2 —Sx oo
L{x }=—?e —ze T I,
Vs >0,e™* =0 if x > o0
, 2y 2
L =~ (~5) =

Remark:
n=nxm-1)xn-2)x..
3=3xXx2X1=6

Exercise:
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Find Laplace transforms for L{x3} = S%

Exercise:

. 24
Find Laplace transforms for L{x*} = =
Remark:

n!
The Laplace transforms for L{x"} = —=.

Example:

Find Laplace transforms for L{e®*}.

Solution.

(00]

L{F (0} = f e f(x)dx

0
L{eax}=j e e dx
0

oo (0]

L{eax} — j e(—s+a)xdx =J e—(s—a)xdx
0 0
L{e™} = — 1 o~ (s—a)x IOOO
s—a
Le™) = - ! )= !
Ss—a Ss—a

Remark:

_ a
1 — L{sinax} = 71 g

S

2 — L{cosax} = 71

3 — L{sinhax} =

s2 — q?

71



4 — L{coshax} = R

Example:

Find Laplace transforms for L{5e** — 3sin4x + x}.
Solution.

L{5e** — 3sin4x + x} = 5L{e?*} — 3L{sin4x} + L{x}
-5(:=3) 3 (zrm) 5
T \s =2 s2+16/) s?

Find Laplace transforms for L{e**x?}.

Solution.
By above remark

Lief(x)}=F(s—a)

5 2
L{x }25_3

L{e3*x?}=F(s—a) = _
(s —3)°

Exercise:

1-Find Laplace transforms for L{e~?*cos3x}.
2-Find Laplace transforms for L{e~"*sinh5x}.

3-Find Laplace transforms for L{e ~3*x3}.
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4-Find Laplace transforms for L{e®*cosv2x}.

Inverse Laplace transforms

solution of initial value problem by Laplace transforms,
definitions of partial and Fourier series.

Assistant professor: Dr. Thamer Khalil Al-Khafiji
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